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FIGURE 45. A group of four vertical
squares in a hypercube determined by the
horizontal displacement of the original
cube. These squares are easier to see
when background lines are removed, as
in the lower figure.

It helps to group edges and squares in parallel bundles. The edges in
the hypercube come in four groups of 8 parallel edges. Similarly the
squares can be classified in four groups of 4 parallel squares, one such
square through each vertex. Two horizontal groups are rather easy to see
(Figure 44); another group of four vertical faces become clearer when
we remove some of the extraneous lines (Figure 45).

Student teams can easily identify the remaining three groups of four
squares. It is easier to do this when the four squares do not overlap
and relatively more difficult when the overlap is large. The entire set
consists of 24 squares.

Grouping edges or faces is particularly effective when an object pos-
sesses a great deal of symmetry, as does the hypercube. We can study the
relation between symmetry and grouping by looking at different dimen-
sions. Symmetries of a cube, a square, or a segment arise by permuting
the edges at each vertex in different ways and by moving each vertex
to another position. The collection of all symmetries of the cube or
hypercube is an important example of a group, an algebraic structure
that reflects geometric properties. The symmetry group of a cube is
the collection of permutations of its vertices that preserve its structure.
The attempt to codify the relation of permutations to symmetries of al-
gebraic and geometric structures provided considerable impetus for the
development of modern algebra during the past two centuries. Even now
symmetry groups continue to fuel theoretical work in atomic physics.